We experimentally demonstrate a simple configuration for mid-infrared (MIR) frequency comb generation in quasi-phase-matched lithium niobate waveguides using the cascaded-χ (2) nonlinearity. With nanojoulescale pulses from an Er:fiber laser, we observe octavespanning supercontinuum in the near-infrared with dispersive-wave generation in the 2.5-3 µm region and intra-pulse difference-frequency generation in the 4-5 µm region. By engineering the quasi-phase-matched grating profiles, tunable, narrow-band MIR and broadband MIR spectra are both observed in this geometry. Finally, we perform numerical modeling using a nonlinear envelope equation, which shows good quantitative agreement with the experiment-and can be used to inform waveguide designs to tailor the MIR frequency combs. Our results identify a path to a simple single-branch approach to mid-infrared frequency comb generation in a compact platform using commer- [6] , compact and chip-scale geometries are also desirable. In the near-infrared (NIR), frequency combs have seen extensive research and development due to the robust and commercially available erbium-, ytterbium-, and thulium-doped gain fiber, whereas the MIR has been less explored [7, 8] . Nascent technologies such as MIR QCL frequency combs have also been demonstrated [9] . In contrast, frequency conversion to the MIR using robust, stable NIR frequency combs in quadratic (χ (2) ) and cubic (χ (3) ) media has been appealing due to the availability of high-power amplifiers in the NIR region and widely-transparent nonlinear optical materials. Such nonlinear techniques include parametric oscillation in χ (2) and χ (3) optical cavities [10] [11] [12] , difference-frequency generation (DFG) [13, 14] , and superconarXiv:1801.07850v1 [physics.optics]
technologies such as MIR QCL frequency combs have also been demonstrated [9] . In contrast, frequency conversion to the MIR using robust, stable NIR frequency combs in quadratic (χ (2) ) and cubic (χ (3) ) media has been appealing due to the availability of high-power amplifiers in the NIR region and widely-transparent nonlinear optical materials. Such nonlinear techniques include parametric oscillation in χ (2) and χ (3) optical cavities [10] [11] [12] , difference-frequency generation (DFG) [13, 14] , and supercon-tinuum generation (SCG) [15, 16] . DFG, in particular, has been the workhorse of many experiments utilizing MIR frequency combs. Owing to the inherent offset-frequency subtraction in the DFG process, comb stabilization is simplified and requires only repetition rate stability [17] . However, conventional DFG experiments are difficult to miniaturize due to the requirement that the pump and the signal pulses must be overlapped in both space and time for highefficiency conversion [18, 19] , which typically requires alignment optics and mechanical delay stages. In contrast, SCG requires only a single pulse, but the conversion efficiency to the MIR is limited [15] .
In this Letter, we experimentally demonstrate a simplified configuration for MIR frequency comb generation by combining spectral broadening and difference-frequency generation in the same nonlinear optical waveguide. In particular, we utilize the nonlinear broadening due to the cascaded-χ (2) [20, 21] nonlinearity in a quasi-phase-matched (QPM) waveguide and intrapulse difference-frequency mixing to generate MIR frequency combs. In the cascaded-χ (2) process, the pump pulse undergoes strong intensity dependent phase modulation induced by phasemismatched second-harmonic generation (SHG) [21] . This results in an effective, self-defocusing cubic nonlinearity and leads to spectral broadening in the normal dispersion regime. Since the phase-mismatch is controlled by the QPM grating profile, engineered quadratic and effective cubic nonlinear interactions are possible, finding both quantum and classical applications in squeezed light generation [22] , all-optical switching [23] , femtosecond pulse generation [24] , broadband SCG [25, 26] , modelocking GHz-rate solid-state lasers [27] , and frequency comb stabilization [28, 29] . In previous comb-stabilization experiments, octave spanning supercontinua in the NIR were observed in reverse-proton-exchanged PPLN waveguides using Yb: and Tm:fiber lasers [28, 29] , but relatively high pulse energies (>10 nJ) were required. In a previous Er:fiber pumped experiment, the infrared wavelengths did not extend beyond 3 µm [28] .
Using an Er:fiber laser pump, we demonstrate frequency combs in the 4-5 µm region in two configurations: (i) tunable, offset-free, narrow-band mid-infrared light in 4-cm-long periodically poled waveguides and (ii) broadband MIR in chirped (aperiodically-poled, aPP) waveguides. In the cascaded-χ (2) -driven SCG, we also observe the generation of dispersive waves in the 2.5-3 µm region. Finally, we verify the utility of such broadband combs for applications such as DCS in a proof-ofprinciple multi-heterodyne experiment using two offset-free combs in the 4.8-µm region.
We use a turnkey Er:fiber laser (100 MHz repetition rate, [30] ) to pump the waveguides (Fig. 1a) . The laser output is amplified with a nonlinear Er:fiber amplifier to yield 80-fs (FWHM), 2-nJ pulses. Aspheric lenses are used to couple light in and out of the 4-cm-long PPLN waveguide, exhibiting an insertion loss of 3 dB. The waveguide-chip contains 20 waveguides with grating periods spanning 25.8-29.6 µm in 0.2 µm increments. The waveguides are PPLN ridges on a lithium tantalate substrate [31] and have cross-section dimensions of 12.6 µm × 12 µm (Fig. 1b) .
With these waveguides, we observe cascaded-χ (2) -driven SCG in the NIR including dispersive-wave generation in the 2.5-3 µm region due to the zero-crossing in the group-velocity dispersion (GVD, λ ZDW = 1.9 µm for bulk lithium niobate). In this process, the pump-pulse undergoes soliton fission, providing broadening in the spectral domain and temporal compression in the time-domain [32, 33] . Simultaneously, intra-pulse (a) Experimental spectra (in logarithmic scale) for cascaded-χ (2) spectral broadening and tunable, intra-pulse DFG in 4-cm-long PPLN waveguides are shown as a function of grating period. Owing to the multi-mode nature of the waveguide, the DFG also occurs in higher-order spatial modes, each of which obeys its own phase-matching condition and leads to additional discrete peaks in the mid-IR. The spectral broadening is also accompanied by dispersive-wave (DW) generation in the 2.5-3 µm wavelength region. (b) The corresponding theoretical spectra (in logarithmic scale), modeled using a single-mode nonlinear analytic envelope equation, showing good agreement with the experiment. The model only takes into account the TM 00 mode, and thus the peaks corresponding to higher order spatial modes are not present.
DFG occurs in the waveguide, resulting in MIR light. As the grating period is changed, the MIR is smoothly tuned from 4-5 µm (Fig. 2a) . Owing to the multi-mode waveguide, we also observed phase-matching to higher-order spatial modes that results in additional DFG peaks (Fig. 2a) . Spectrally filtering and imaging the MIR on a microbolometer-array camera confirmed the presence of other spatial modes. The TM 00 DFG power is on the order of 100 µW in each waveguide. The relatively long interaction length in the waveguide results in a narrow DFG phase-matching bandwidth, ∆λ FWHM ≈ 20 nm. We note that similar DFG has been observed in bulk PPLN crystals recently and termed as DFG resonant-radiation [25] .
We model the nonlinear optical dynamics in the waveguide for the TM 00 mode using the single-mode nonlinear analytic envelope equation [25, 34, 35] , The temporal evolution (in logarithmic scale) of the pulse as a function of distance in the pump frame-of-reference. Temporal compression occurs in the time-domain (minimum pulseduration, τ FW HM = 13 fs). Group-velocity walkoff is observed for the DFG, limiting conversion efficiency and bandwidth.
eff is the nonlinear Kerr parameter, and R(t, t ) is the Raman response function for lithium niobate [36] . For this work, we assume d eff = 19 pm/V, n 2 = 2.5 × 10 −16 cm 2 /W, and the Raman fraction to be f R = 0.2 . For the χ (2) nonlinearity, we take into account all the orders of the grating and use the full dispersion function, k(ω), calculated for the waveguides via COMSOL, which also yields an effective area, A eff = 75 µm 2 , for the pump mode. By taking into account the quadratic and cubic nonlinearities of lithium niobate, the model reproduces the different spectra observed from the various waveguides (Fig. 2b) .
We also study the propagation dynamics of a single waveguide (Λ = 29.6 µm, Fig. 3 ). The observed SCG in the NIR has contributions from both the quadratic and cubic (Kerr) nonlinearities: the total cubic nonlinearity is the sum of positive n 2 from the Kerr nonlinearity and the negative, effective n 2 arising from the cascaded-χ (2) effect, resulting in a net negative value. Compared to conventional SCG, where anomalous GVD (β 2 < 0) balances the positive n 2 to facilitate soliton formation and fission, the observed SCG occurs in the normal dispersion regime (β 2 > 0), balancing the negative n 2 . Temporal compression also occurs in the self-defocusing nonlinear dynamics [37] , and corresponds to τ FWHM ≈ 13 fs at the point of soliton fission (Fig. 3b) . Thus, one could engineer the grating profile and waveguide dimensions to tailor the output spectra using the cascaded-χ (2) nonlinearity toward sub-nanojoule-scale, few-cycle pulses [38] .
The ability to quasi-continuously tune the DFG across the first atmospheric window is valuable for applications such as targeted spectroscopy in molecules [39] . In other cases, such as dual-comb spectroscopy, broader MIR bandwidths enable spectroscopy of broadband absorbers while maintaining the frequency accuracy provided by the comb [5] . By employing chirped QPM grating profiles, such broadband MIR spectra can be obtained. Using aPPLN waveguides, we demonstrate the broadband DFG (Fig. 4a,b) , which is well predicted by the numerical modeling (Eq. 1).
We investigate two aPPLN waveguides, with cross-sectional dimensions of 15 µm × 16 µm, simultaneously using two Er:fiber lasers for a dual-comb (or multi-heterodyne) experiment. First, in a 10-mm-long waveguide (with a chirp in the grating from 33-29 µm), the DFG light is generated with ∆λ FWHM = 150 nm around 4.8 µm using a 40-fs, 1.5-nJ pump pulse (Fig. 4a) . In a second 5-mm-long waveguide (with a chirp in the grating from 29-27 µm), a decade-spanning continuum (0.5 -5 µm) is generated (Fig. 4b ) using a few-cycle, 1.5-nJ pump pulse derived from an Er:fiber laser [40] . A chalcogenide aspheric lens and a parabolic mirror are used as output couplers for the 10-mm and 5-mm-long waveguides, respectively.
For DCS experiments, highly coherent combs and milliwattscale optical powers are desirable. To demonstrate this utility of the MIR generated by the cascaded-χ (2) process, we perform a proof-of-principle multi-heterodyne experiment with the spectra in Fig. 4a,b . The repetition rates of the two pump lasers are locked to a microwave frequency reference and offset by ∆ f rep = 50 Hz. The milliwatt-scale MIR spectra are spectrally filtered using a 4.5-µm long-pass filter and combined on a CaF 2 beam-splitter. A liquid-nitrogen-cooled mercurycadmium-telluride (HgCdTe) detector is used for photodetection. The time-domain signal is measured over the window, T = 1/∆ f rep = 20 ms, with > 350 signal-to-noise ratio (SNR) acquired by averaging 1024 interferograms (Fig. 4c) . The coherent MIR waveguide output enables the high SNR and provides for 100 MHz resolution in the dual-comb spectrum (Fig. 4c, inset) . The DCS bandwidth is limited by the 10-mm-device MIR spectrum but can be addressed by engineering the QPM grating appropriately [41] .
In summary, we have demonstrated a robust and straightforward technique for mid-infrared frequency comb generation in the 4-5 µm band in quasi-phase-matched lithium niobate waveguides. Using the cascaded-χ (2) nonlinearities, a single mode-locked Er:fiber laser is able to access the MIR wavelengths. By engineering the QPM grating profile, the mid-infrared spectra can be made narrowband or broadband. In addition, the DFG combs are offset-free and simplify comb-stabilization. By using two such combs, we demonstrated stable multi-heterodyne beating and presented a MIR dual-comb spectrum. We also modeled the nonlinear dynamics using a nonlinear envelope equation, which showed good agreement with the experimentally acquired spectra. This QPM-enabled engineering of quadratic and effective cubic nonlinear interactions allows for spectral engineering across multiple octaves-providing control over both the nonlinear strength and dispersion on a compact platform. Finally, higher repetition rate pump lasers can also be used for cascaded-χ (2) enabled MIR generation: a 250-MHz Er:fiber laser output using only 600 pJ pump pulse energy showed similar MIR comb generation [42] , potentially making this approach accessible to GHz-repetition rate lasers. DARPA SCOUT, AFOSR (FA9550-16-1-0016), NRC, NASA, NIST. The authors thank Daryl Spencer and Franklyn Quinlan for helpful comments on the manuscript and Dr. Yoshiki Nishida for providing the 4-cm-long PPLN waveguide chip. This work is a contribution of the United States government and is not subject to copyright in the United States of America.
